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Abstract

We prove that approximating the Max Acyclic Subgraph problem within a factor better
than 1=2 is Unique-Games hard. Speci cally, for every constant' > 0 the following holds: given
a directed graph G that has an acyclic subgraph consisting of a fraction (1 ") of its edges, if
one can e ciently nd an acyclic subgraph of G with more than (1=2+ ") of its edges, then the
UGC is false. Note that it is trivial to nd an acyclic subgrap h with 1=2 the edges, by taking
either the forward or backward edges in an arbitrary ordering of the vertices ofG. The existence
of a -approximation algorithm for > 1=2 has been a basic open problem for a while.

Our result is the rst tight inapproximability result for an  ordering problem. The starting
point of our reduction is a directed acyclic subgraph (DAG) in which every cut is nearly-balanced
in the sense that the number of forward and backward edges cssing the cut are nearly equal;
such DAGs were constructed in 8]. Using this, we are able to studyMax Acyclic Subgraph
which is a constraint satisfaction problem (CSP) over anunboundeddomain, by relating it to a
proxy CSP over aboundeddomain. The latter is then amenable to powerful techniques kased
on the invariance principle [13, 19].

Our results also give a super-constant factor inapproximabity result for the Min Feedback
Arc Set problem. Using our reductions, we also obtain SDP integraly gaps for both the
problems.

1 Introduction

Given a directed acyclic graphG, one can e ciently order (\topological sort") its vertices so that
all edges go forward from a lower ranked vertex to a higher raked vertex. But what if a few, say
fraction ", of edges ofG are reversed? Can we detect these \errors” and nd an orderig with few
back edges? Formally, given a directed graph whose verticemdmit an ordering with many, i.e.,
1 " fraction, forward edges, can we nd a good ordering with fracion  of forward edges (for
some ! 1)? This is equivalent to nding a subgraph of G that is acyclic and has many edges,
and hence this problem is called theMax Acyclic Subgraph (MAS) problem.
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Itis trivial to nd an ordering with fraction 1 =2 of forward edges: take the better of an arbitrary
ordering and its reverse. This gives a factor 2 approximation algorithm for Max Acyclic
Subgraph . (This is also achieved by picking arandom ordering of the vertices.) Despite much
eort, no ecient  -approximation algorithm for a constant > 1=2 has been found forMax
Acyclic Subgraph . The existence of such an algorithm has been a longstandingnd central
open problem in the theory of approximation algorithms. In this work, we prove a strong hardness
result that rules out the existence of such an approximationalgorithm assuming the Unique-Games
conjecture. Our main result is the following.

Theorem 1.1. Conditioned on the Unique Games conjecture, the followingdids for every constant
> 0. Given a directed graphG with m edges, it is NP-hard to distinguish between the following
two cases:

1. There is an ordering of the vertices ofG with at least (1 ~ )m forward edges (or equivalently,
G has an acyclic subgraph with at leas(l )m edges).

2. For every ordering of the vertices ofG, there are at most (1=2 + )m forward edges (or
equivalently, every subgraph o6 with more than (1=2+ )m edges contains a directed cycle).

To the best of our knowledge, the above is the rst tight hardness of approximation result for an
ordering/permutation problem. As an immediate consequene, we obtain the following hardness
result for the complementary problem of Min Feedback Arc Set , where the objective is to
minimize the number of back edges.

Corollary 1.2. Conditioned on the Unique Games conjecture, for evenC > 0, it is NP -hard to
nd a C-approximation to the Min Feedback Arc Set problem.

Combining the unique game integrality gap instance of KhotVishnoi [10] along with the UG
reduction, we obtain SDP integrality gaps for Max Acyclic Subgraph problem. Our integrality
gap instances also apply to a related SDP relaxation studiedby Newman [L7]. This SDP relaxation
was shown to obtain an approximation better than half on random graphs which were previously
used to obtain integrality gaps for a natural linear program [15].

1.1 Related work

Max Acyclic Subgraph is a classic optimization problem, guring in Karp's early list of NP-
hard problems [7]; the problem remains NP-hard on graphs with maximum degree3, when the
in-degree plus out-degree of any vertex is at most 3Max Acyclic Subgraph is also complete
for the class of permutation optimization problems, MAX SNP[ ], de ned in [18], that can be
approximated within a constant factor. It is shown in [15] that Max Acyclic Subgraph is
NP-hard to approximate within a factor greater than %.

Turning to algorithmic results, the problem is known to be e ciently solvable on planar
graphs [11, 6] and reducible ow graphs [2%. Berger and Shor P] gave a polynomial time al-
gorithm with approximation ratio 1 =2+ (1 = dmnax) Where dnax is the maximum vertex degree in
the graph. When dmax = 3, Newman [15] gave a factor 89 approximation algorithm.

The complementary objective of minimizing the number of bak edges, or equivalently deleting
the minimum number of edges in order to make the graph a DAG, lads to the Min Feedback Arc
Set (FAS) problem. This problem admits a factor O(log nlog logn) approximation algorithm [ 21]



based on bounding the integrality gap of the natural coverirg linear program for FAS; see also
[4]. Using this algorithm, one can get an approximation ratio of %+ (1 =(lognloglogn)) for Max
Acyclic Subgraph

Recently, Charikar, Makarychev, and Makarychev [3] gave a factor (:=2+ (1 =logn))-approximation
algorithm for Max Acyclic Subgraph , Wheren is the number of vertices. In fact, their algorithm
is stronger: given a digraph with an acyclic subgraph consting of a fraction (1=2 + ) of edges,
it nds a subgraph with at least a fraction (1 =2+ ( =logn)) of edges. This algorithm, and in
particular an instance showing tightness of its analysis fom [3], plays a crucial role in our work.

1.2 Organization

We begin with an outline of the key ideas of the proof inSection 2 In Section 3 we review the
de nitions of in uences, noise operators and restate the urique games conjecture. The groundwork
for the reduction is laid in Section 4and Section 5 where we de ne in uences for orderings, and
multiscale gap instances respectively. We present the diettorship test in Section § and convert it
to a UG hardness result inSection 7. Finally, SDP integrality gaps for Max Acyclic Subgraph

are presented inSection 8

2 Proof Overview

In this section, we outline the central ideas of the proof. Tokeep the description concise, we will

O of the vertices of a directed graphG = (V;E), let Val(O) refer to the fraction of the edgesE
that are oriented correctly in O.

At the heart of all Unigue Games based hardness results, liea dictatorship testing result for
an appropriate class of functions. A functionF : [m]? ! [m]is said to be adictator if F(x) = Xx;
for some xed i. A dictatorship test ( DICT) is a randomized algorithm such that, given a function
F :[m]R ! [m], it makes a few queries to the values oF and distinguishes between whetherr
is a dictator or far from every dictator. While Completenes®sf the test refers to the probability of
acceptance of a dictator function,Soundnesss the maximum probability of acceptance of a function
far from a dictator. The approximation problem one is showing UG hardness for, determines the
nature of the dictatorship test needed for the purpose.

Now let us turn to the specic problem at hand : Max Acyclic Subgraph . Designing the
appropriate dictatorship test for this problem amounts to t he following: Construct a directed graph
over the set of verticesV = [m]R such that :

For a Dictator ordering O of the verticesV, Val(O) 1

For any ordering O which is far from a dictator, Val(O) %

Unlike the case of functions, it is unclear as to what is the rght notion of Dictators for orderings.
For every ordering O of [m]R, de ne m2R functions FIP’d : [m]R 1 f 0;1g as follows:

1 if x appears in between thep™ and the g positions in ordering O

FPd(x) =
0 otherwise



The it coordinate is said to bein uential if it has a large in uence (> ) on any of the functions
F[Pd. Here in uence refers to the natural notion of in uence for real valued functions on nJ® (see
Section 3. An ordering O is said to be -pseudorandom §ar from a dictator) if it has no in uential
coordinates (> ). For this notion to be useful, it is necessary that a given odering O does not
have too many in uential coordinates. Towards this, in Lemma 4.3 we show that the number of
in uential coordinates is bounded (after certain smoothening). Further this notion of in uence is
well suited to deal with orderings of multiple long codes ingead of one - a crucial requirement in
translating dictatorship tests to UG hardness.

Armed with the notion of in uential coordinates, we obtain a directed graph on m]? (a dicta-
torship test) for which the following holds:

Theorem 2.1. (Soundness) IfO is any -pseudorandom ordering ofm]R, then Val(O) 6 %+ o (2).

This dictatorship test yields tight UG hardness for the Max Acyclic Subgraph problem.
Using the Khot-Vishnoi [10] SDP gap gap instance for unique games, we obtain SDP integlity
gap for the Max Acyclic Subgraph problem.

Now we describe the design of the dictatorship test in greatedetail. At the outset, the ap-
proach is similar to recent work on Constraint Satisfaction Problems(CSPs) [L9]. Fix a constraint
satisfaction problem . Starting with an integrality gap in stance for the natural semi-de nite
program for , [ 19] constructs a dictatorship test DICT . The Completenes®f DICT is equal to
the SDP value SDP(), while the Soundnesss close to the integral valuelNT().

Since the result of [L9] applies to arbitrary CSPs, a natural direction would be to pose theMax
Acyclic Subgraph as a CSP.Max Acyclic Subgraph is fairly similar to a CSP, with each
vertex being a variable taking values in domain f] and each directed edge a constraint between 2
variables. However, the domain, fi], of the CSP is not xed, but grows with input size. We stress
here that this is not a super cial distinction but an essential characteristic of the problem. For
instance, every 2-CSP over a domain of xed size admits an appximation ratio better than a ran-
dom assignment §], while the Max Acyclic Subgraph problem has resisted such approximation
algorithms.

Towards using techniques from the CSP result, we de ne the flowing variant of Max Acyclic
Subgraph :

De nition 2.2. A t-ordering of a directed graphG = (V; E) consists of a mapO : V! [t]. The
value of at-ordering O is given by

1
Vak(0) = (UF;§2E O(u) < O(v) + E(UIE’)EE O(u) = O(v)

In the t-Order problem, the objective is to nd an t-ordering of the input graph G with maximum
value.

On the one hand, thet-Order problem is a CSP over a xed domain that is similar to MAS.
However, to the best of our knowledge, for the-Orderproblem, there are no known SDP gaps, which
constitute the starting point for results in [ 19]. For any xed constant t, Charikar, Makarychev
and Makarychev [3] construct directed acyclic graphs (i.e., with value of the best ordering equal
to 1), while the value of any t-ordering of G is close to%. For the rest of the discussion, let us x
one such graphG on m vertices. Notice that the graph G does not serve as SDP gap example for
either the MAS or the t-Order problem.



As the graph G has only m vertices, and an ordering of value 1, it has a goodt-ordering for
t = m. Viewing G as an instance of them-Order CSP (corresponding to predicate<), we obtain
a directed graph, G, on [m]?. As a m-order CSP, the dictator m-orderings yield value 1 on G.
In turn, this implies that the Dictator orderings have value 1 on G. Turning to the soundness
proof, consider a -pseudorandom orderingO. Obtain a t-ordering O by the following coarsening
process : Divide the orderingO in to t equal blocks, and map the vertices in the™™ block to value
i. The crucial observation relating O and O is as follows:

\For a -pseudorandom orderingO, Vak(O ) Val(O)."

Clearly, Val(O) Val(O ) is bounded by the fraction of edges whose both endpoints fhin the
same block, during the coarsening. We use the Gaussian noistability bounds of [13], to bound
the fraction of such edges. From the above observation, in aer to prove that Val(O) % it is
enough to boundVal(O ). Notice that O is a solution to t-order problem - a CSP over nite
domain. Consequently, the soundness analysis 01| can be used to show thatval (O ) is at most
the value of the bestt-ordering for G, which is close to%.

Summarizing the key ideas, we de ne the notion of in uential coordinates for orderings, and
then use it to construct a dictatorship test for orderings. Using gaussian noise stability bounds, we
relate the value of a pseudorandom ordering to a related CSRand then apply techniques from [L9].

3 Preliminaries

For a positive integer t,  denotes the thet dimensional simplex. We will use bold face lettersz
to denote vectorsz = (z®W;:::;z(R)). A t-ordering O of the graph G consists of amapO : V ! [t].
Note that the map O need not be injective or surjective. If the map O is a bijection, then it
corresponds to an ordering of the verticesvV. In a t-ordering O, an edgee = (u;V) is a forward
edge ifO(u) < O(v).

Observation 3.1.  For all directed graphs G, and integerst 6 t° Vak(G) 6 Vako(G) 6 Val(G)

3.1 Noise Operators and In uences

Let denote the nite probability space corresponding to th e uniform distribution over [ m]. Let

f o=1,~1; 2;:::; m 19 be an orthonormal basis for the spacel,(). For 2 [m]R, de ne

(2) = K2[R] i(z(")). Every function F : R I R can be expressed as a multilinear polyno-
mial as F (z) = F() (2). The L, norm of F in terms of the coe cients of the multilinear
polynomial is jjFjj 3 = F2()

P
De nition 3.2.  Forafunction F : R ! R, deneInfy(F)= Ez[Var ,[F]]= & F2().
Here Var ,. [F] denotes the variance ofF (z) over the choice of thek™ coordinate z(¥).

De nition 3.3. For a function F : R1 R, de ne the function T F as follows:

X .
TF(2)=E[F(2)]z]= HE() @
2[m]R
where each coordinatez) of z = (z®;::::2(R)) is equal to z(K) with probability  and with the

remaining probability, () is a random element from the distribution .



We will need the following simple facts.

P
Lemma 3.4. Given a function F :[m]R ! [0;1],if H = T; F then k 1 Inf(H) 6 W(l) 6
1

P
Proof. Let F(x) = 2[mJR F (x) denote the expansion of F. The function H is given by
H(x)= (1 ) IF (x). Hence we get,
xR xroX o X o
Infy(H) = 1 )3IF?= € )3jjr?
k=1 k=1 ; 60 X 2[m]R
6 max (1 )3Jjj F26 max (1 )& Jj |
2[m]R 2[mJR
Ehe function (x) = x(1 )2 achieves a maximum atx = 1=2In(1 ). Substituting we get
-, Infi(H) 6 76"11 T
]

Lemma 3.5. Consider two functions F;G: [m]R ! [0;1] with E[F] = E[G] = , such that for all
k, Inf(T1 F);Inf(Ty G) 6 . Let x;y be random vectors in[m]? whose marginal distributions
are uniform over [m]R but are arbitrarily correlated. For small enough , we have

Eyy[Ts 2 FO)T1 2 Gy)] 6 2

Proof. The lemma essentially follows from the Majority is Stablest theorem (see Theorem #
in [14]). We bound each factor individually as follows:

X o
jiTL 2 Fjj3= 1 2)31F2()
2[K]R
6 @ YIFAH)E HAIFA )6 E[(TL F)Ti (T1 F)

2[kJR

Now, since the in uences ofF are low, the last expression can be bounded by the noise stdity
in gaussian space, (1 ( ). This can now be bounded using standard estimates (see Theam B:2
in [14]).

E(T: F)Ty (T2 F)]6 @ y()+o(@)6 7z +o0(1)

Applying a similar bound for G and applying Cauchy-Schwartz gives the result:

q
Ex[T1 2 FOOT1 2 GY)1 6 jiTy 2 Fii3iiT1 2 Gji3

6 7 +0 @ (for  small enough)




3.2 Semide nite Program

We use the following natural SDP relaxation of the Max Acyclic Subgraph problem. Given a

u 2 V. In the intended solution, the variable u; =1 and u; = 0 for all j 6 i if and only if u is
assigned positioni.

hx X i
Maximize Ee=(uv) U Vi +3 Uiy (MAS-SDP)
i<j i
Subject to u)i( vi 0, u u =0 8u;v 2 V;i;j 2 [n]
jujz=1 8u2V
i2[n]
X X 2
Ui vi =0 8u;v2V
i2[n] i2[n]

As shown in [L€], this relaxation is equivalent to the relaxation in [17].

3.3 Unique Games

De nition 3.6.  An instance of Unique Games represented as = @A[B ;E; ;[R]), consists of a
bipartite graph over node setsA,B with the edgesE between them. Also part of the instance is a
set of labels R] = f1;:::;Rg, and a set of permutations 4, : [R]! [R]foreach edgee=(a;b) 2 E.
An assignment of labels to vertices is said to satisfy an edg@e= (a;b), if a(( @)= ( b). The
objective is to nd an assignment of labels that satis es th e maximum number of edges.

For a vertex a 2 A[B , we shall useN(a) to denote its neighborhood. For the sake of
convenience, we shall use the following version of the Unigqu Games Conjectured] which was
shown to be equivalent to the original conjecture by B].

Conjecture 3.7. (Unique Games Conjecture P, 8]) For all constants > O, there exists large
enough constantR such that given a bipartite unique games instance= ( A[B ;E; = f ¢:
[RI!' [R] : e 2 Eg;[R]) with number of labelsR, it is NP-hard to distinguish between the
following two cases:

(1 )-satis able instances:There exists an assignment of labels such that forl fraction
of verticesa 2 A, all the edges incident ata are satis ed.

Instances that are not -satis able: No assignment satis es more than a -fraction of the
constraints

4 Orderings

In this section, we develop the notions of in uences for ordeings and prove some basic results about
it.



De nition 4.1.  Given an ordering O of verticesV, its t-coarsening is at-ordering O obtained by
dividing O in to t-contiguous blocks, and assigning label to vertices in the it" block. Formally, if
M = jVj=t then j K
O(u)

O = —= +1

(=

For an ordering O of points in [m]R. De ne functions F ¥ : [m]R 1f 0;1g for integers p; q as
follows: (

1 ifO(x) 2 [p;d

Pidl vy =
F X) =
0 = 5 stherwise
We will omit the subscript and write F P4 instead of F([)p;cﬂ, when it is clear.

De nition 4.2. For an ordering O of [m]R, de ne the set of in uential coordinates S (O) as
follows:
S (0) = fkjInf (T, FPd) for somep;q2 Zg

An ordering O is said to be -pseudorandom ifS (O) is empty.

Lemma 4.3. (Few In uential Coordinates) For any ordering O of [m]R, we havejS (0)j 6 2%

Proof. For integers p;q; 1; 2 such that j ijj < gmR, letf = T; FlPdandg= T, FlP* a2l
Now,

Inf(f @) 6 jif gjj% 6 jjF i EoIpt 1o+ Z]jj% - Pzr [F [p;Q](Z) 6 E Pt uat 2](2)] 6 =4

Hence,
2 3

X X X 2
Inf i (f) = f2()624  ¢°()+ () 6() S (Usinga®6 2(P+(a b?)

k60 x 60 « 60
6 2Inf(g)+ =2

Thus, if Inf(f) > , then Inf(g) > =4. It is easy to see that there is a seN = fF [Pdg of size

at most 100= 2 such that for every F [Pidl there is aF ["1 2 N such that maxjp rj;jg sj< 2%,

Further, by Lemma 3.4 the functions Ty F [P have at most £ coordinates with in uence more
than =4. Hence,jS (0)j 6 2%, O
Claim 4.4. Forany -pseudorandom orderingO of [m]R, its t-coarseningO is also -pseudorandom.

Proof. Since the functionsfF L lg are a subset of the functionsfF ['lg, s (0 ) s (0). O

5 Multiscale Gap Instances

In this section, we will construct acyclic directed graphs with no good t-ordering. These graphs
will be crucial in designing the dictatorship test (Section 6.

De nition 5.1. For > 0 and a positive integert, a ( ;t )-Multiscale Gap instance is a weighted
directed graph G = (V; E) with the following properties:

8



Val(G) =1 and Vak(G) 6 3+

There exists a solutionfu;ju 2 V;16 i 6 jVjg to SDP with objective value at least 1
such that for all u;v2 V and 16 i;j 6 jVj, we haveju;j? = Jv%
The cut norm of a directed graph, G, represented by a skew-symmetric matrixW is:

X
iiGjjc = max XiYi Wii
1Gllc iy 50 011 ij iYj Wij

We will need the following theorem from [3] relating the cut norm of a directed graph G to
Val(G).

Theorem 5.2 (Theorem 3.1, [3]). If a directed graph G on n vertices has a maximum acyclic

subgraph with at least a% + fraction of the edges, thenjjGjjc > ogn -

The following lemma and its corollary construct Multiscale Gap instances starting from graphs
that are the \tight cases" of the above theorem.

Lemma 5.3. For every > 0 and a positive integert, there exists directed graphG = (V; E) such
that Val(G) =1 and Vak(G) 6 3 +

Proof. Charikar et al (Section 4, [3]) construct a directed graph, G = (V;E), on n vertices whose
cut norm is bounded by O (1=logn). The graph is represented by the skew-symmetric matrixW,

wherew; = | sin (erli)k. It is easy to verify that for every 0 <t<n , ,sin X > 0. Thus,

wi; > 0 wheneveri <j , implying that the graph is acyclic (in other words, Val(G) = 1).
We bound Val;(G) as follows. LetVal(G) = %+ andletO :V ! [t] be the optimal t-ordering.
Construct a graph H on't vertices with a directed edge fromO(u) to O(v) for every edge (1;v) 2 E

with O(u) 6 O(v). Now, using Theorem 5.2 the cut norm of H is bounded from below by ogt -

Moreover, sinceO is a partition of V, the cut norm of G is at least the cut norm of H. Thus, we
have the following:

ogt 0 liHlic 6 jiGjjc 6 O(1=logn)

Thus, 6 O II(())Tgrtl implying that Val(G) 6 %+ 0] II(())Tgrtl . Choosingn large enough gives the
required result. O

Corollary 5.4. For every > 0 and positive integert, there exists a Multiscale Gap instance with
a corresponding SDP solutionfujju2 V;16 i 6 jVjg.

Proof. Let G = (V;E) be the graph obtained by taking d1= edisjoint copies of the graph guaranteed
by Lemma 5.3and let m = jVj. Note that the graph still satis es the required properties: Val(G) =
1, vak(G) 6 % + . Let O be the ordering of m] that satis es every edge of G. Let D denote
the distribution over labellings obtained by shifting O by a random o set cyclically. For every
u2V;i2[m], PriD(u) = i] = 1=m. Further, every directed edge is satis ed with probability at

least 1 . Being a distribution over integral labellings, D gives raise to a set of vectors satisfying
the constraints in De nition 5.1 . G along with these vectors form the required (;t )-multiscale gap
instance. O



6 Dictatorship Test

De nition 6.1. For an edgee=(u;v) 2 E in a (;t)-multiscale gap instanceG, de ne the local
integral distribution Pe over [m]? as follows:

Pe(i;j) = Ui v
The details of the dictatorship test DICTg are described below:

DICTg Test
Pick an edgee = (u;v) 2 E at random from the Multiscale gap instance G.

Sample ze = fz,;z,9 from the product distribution Pfj, i.e. For each 16 k 6 R,

zék) = fzf,k);z\(,k)g is sampled using the distribution Pe(i;j ) = ui V.

Obtain z,; 2, by perturbing each coordinate ofz, and z, independently. Speci cally,
sample the kth coordinateszf,k);z‘(,k) as follows: With probability (1 2), zﬂk) = zﬂk)
, and with the remaining probability iﬁk) is a new sample from .

Introduce a directed edgez, ! z,. (alternatively test if O(z,) < O(&))

Theorem 6.2. (Soundness Analysis) For any -pseudorandom orderingO of [m]R, Val(O) 6
Vak(G)+ O(t z )+ o (1).

Let FIPd : [m]R I f 0;1g denote the functions associated with thet-ordering O . For the sake

of brevity, we shall write F' for FIi'], The result follows from Lemma 6.4 and Lemma 6.3 shown
below.

Lemma 6.3. For any -pseudorandom orderingO of [m]R
Val(O) 6 Vak(O )+ O(t 2 )+ o (1)
where O is the t-coarsening of O.

Proof. As O is a coarsening ofO, clearly Val(O) Vak(O ). Note that the loss due to coarsening,
is because for some edges= ( z;z% which are oriented correctly in O, fall in to same block during
coarsening, i.e0 (z) = O (z9. Thus we can write

Val(O) 6 Vvak(O )+ %Pr O (2)= 0 (&)

X h _ i
Ee=(uv)Ezu;z,Eziiz, F'(zu) F'(z)

h i

= Ee=(uv)Ezyizy T1 2 FL(ZU) Ty 2 F\i/(zv)
i21t]

Pr O (zu)= O (&)

i2[t]
X

As O is a t-coarsening ofO, for each valuei 2 [t], there are exactly% fraction of z for which

O (z) = i. Hence for each 2 [t], EZ[FL(Z_) = %]. Further, since the orderingO is -pseudorandom,

for every k 2 [R] and i 2 [t], Inf (T2 Fj}) 6 . Hence usingLemma 3.5 the above probability is
2

bounded byt t 2z -+t 0o(1)=0O(t z )+ 0o (1). O

10



Lemma 6.4. For any -pseudorandomt-ordering O of [m]R , Vak(O ) 6 Vak(G) + o (1).

Proof. The t-ordering problem is a CSP over a nite domain, and is thus am@&able to techniques
of [19. In fact, we shall use the soundness analysis o] to infer the result. The details of the
proof are below.

Consider the payo function P : [t]?! [0;1] dened by: P(i;j) =1 for i<j, P(i;j) =0
fori>) and P(i;j) = % otherwise. The t-ordering problem is a Generalized CSP(see De nition
3:1, [19]) with the payo function P. Let DICTg denote the dictatorship test obtained by running
the reduction of [19] on the t-ordering instance G. DICTg is a dictatorship test on functions

F:[m]R! t, with the following soundness condition:
(Corollary  2:2, [19]) Soundness (DICTg) 6 Vak(G)+ o... (1)

In other words, for any function F : [m]R ! ¢ that is (; ) pseudorandom, the expected
payo obtained in DICTg is close toVak(G).

Consider the function F = (F1;:::;F!) over the domain [m]R. For each pointz 2 [m]R, exactly
one of these functions take value 1 while others are zero. Thuthe range ofF is the t-dimensional
simplex .

The dictatorship test described in this section is equivalet to DICTg. Speci cally, it produces

a distribution of queries identical to DICTg. In fact, Vak(O ) is exactly equal to the expected
payo obtained by the function F on the dictatorship test DICTg.

With the ordering O being -pseudorandom, for evenk 2 [R]andi 2 [t], we have Inf(T1 F') 6

. Consequently, the functionF = (F*;:::;FYis\( ; )-pseudorandom" with =0, as per De -

at most Vak(G)

In [19], the corollary 2:2 is shown for a dictatorship test DICT for functions over domain
[m]R taking values in the m-dimensional simplex . However, the proof extends without any
modi cations for functions F : [m]R ! .

O

In terms of the functions F', the expression forVak(O ) is as follows:

h1X ) . X ) . i
Vak(O )= Ee=(uv)Ezuiz, B2y 2y > F'(zu) Fl(z)+ F'(zu) F'(z)
i=j i<j .
h]_X _ . X : !
= Ee=(uv)Ezy:zvEzy iz > F'(z) Fl(z)+ F'(z) Fl(z)
i=

j i<j
Here we restate the above lemma, in terms of the functiorf .

Claim 6.5. For a function F : [m]R ! ¢ satisfying Inf, (T F)6 for all k 2 [R],
hl X _ . X _ . i
Ee=(uv)Ezu;z,Ezuiz, > F'(zu)F! (20) + F'(z,)F' (2,) 6 Vak(G)+ o (1)
i=]j i<j
7 Hardness Reduction
Let G = (V;E) be a (;t)-Multiscale gap instance, and letm = jVj. Further let fu;ju 2 V;i 2 [m]g
denote the corresponding SDP solution. Let = (A[B ;E; = f ¢:[R]! [R]je 2 Eg;[R]) be
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a bipartite uniqgue games instance. Towards constructing a M\S instance G = ( V; E) from , we
shall introduce a long code for each vertex inB. Speci cally, the set of vertices V of the directed
graph Gis indexed byB  [m]R.

Hardness Reduction

Input : Unique games instance = (A[B ;E; = f ¢:[R]! [R]je 2 Eg;[R]) and a (;t)
Multiscale gap instanceG = ( V; E).

Output : Directed graph G = (V;E) with set of vertices : V= B [m]R and edgesE given by the
following veri er:

Pick a random vertex a 2 A. Choose two neighbours; ¥ 2 B independently at random. Let
. Odenote the permutations on the edgesd;b) and (a; ).

Pick an edgee = (u;v) 2 E at random from the Multiscale gap instance G.

Sample ze = fz,;z,9 from the product distribution P§, i.e. For each 16 k 6 R, zék) =
fz&k);z\(,k)g is sampled using the distribution Pe(i;j ) = uj v;.

Obtain z,; 2, by perturbing each coordinate ofz, and z, independently. Speci cally, sample
the ki coordinates2{”; 2 as follows: With probability (1 2 ), 289 = z{) , and with the
remaining probability iﬁk) is a new sample from .

Introduce a directed edge b; (z,))! (B 9=)).

Theorem 7.1. For every > 0, there exists choice of parameters; ;t; such that:

Completeness: If is a (1 )-satis able instance of Unique Games, then there is an
ordering O for the graph G with value at least(1 ). i.e. Val(lG) 1

Soundness: If is not -satis able, then no ordering to G has value more than% + ,ie
Val(G) 6 % +

In the rest of the section, we will present the proof of the abwe theorem. To begin with, we x
the parameters of the reduction.
Parameters : Fix = =8and = =4. Let ;t be the constants obtained fromTheorem 7.5
Finally, let us choose =minf =4; 2 8=10°g.

7.1 Completeness

In order to show that Val(G) 1 , we will instead show that Val,(G) 1 . From
Observation 3.1, this will imply the required result.

By assumption, there exists labelings to the Unique Game inmnce such that for 1 fraction
of the verticesa 2 A all the edges @;b) are satised. Let : X[Y ! [R] denote one such labelling.
De ne an m-ordering of G as follows:

O(a;z) = z(( 8a2A;z2 [mR
Clearly the mapping O : V' ! [m] de nes an m-ordering of the verticesV = B [m]R. To determine

Val, (0), let us compute the probability of acceptance of a veri er that follows the above procedure

12



to generate an edge irE and then checks if the edge is satis ed. Arithmetizing this probability, we
can write

Valn(0) = 3Pr O(b; (2))= O ) +Pr O(b; (z) < Ot Yz.)

With probability at least (1 ), the verier picks a vertex a 2 A such that the assignment
satis es all the edges @;b). In this case, for all choices ofb;i¥ 2 N(a), (( a) = ( b) and

Y( a)=( . Letus denote (a)= |. By de nition of the m-ordering O, we getO(b; (2)) =
( (2)C =20 ) =z for all z 2 [m]R. Similarly for K%, O(t*> %z)) = z() for all z 2 [m]R.
Thus we get

1
Valm(0) (1 ) Prz) == +Pr z{) <z

With probability at least (1 2 )2, for both z, and z, we havezé') = zf,') and zx(,') = z\(,'). Hence,

Valh,(0) (1 )@ 2)? %Pr z0 =2z +pr z0 <z

Note that each coordinate zﬂ');z\(,') is generated according to the local distribution P for the edge

e = (u;v). For the local distribution P¢ corresponding to an edgee=(u;v) 2 E,

X
Pprz0=2 = u v Prz{0<z{ = u v
i=] i<j
Substituting in the expression for Val, (O) we get,
, h1 X X i
Valn(0) (1 )3 2)%Ee(uy > Ui vj + UiV
i=]j i<j
Recall that the SDP vectors fu;g have an objective value at least (1 ). Thus for small enough
choice of ; and , we haveVal,(O) 1

7.2 Soundness

Let O be an ordering of G with Val(O) % + . Using the ordering, we will obtain a labelling
for the unique games instance . Towards this, we shall buildmachinery to deal with multiple long
codes. Forb2 B, de ne Oy as the restriction of the map O to vertices corresponding to the long
code ofb. Formally, Opis a mapOp : [m]R ! Z given by Oy(z) = O(b;z). Similarly, for a vertex
a2 A, let O, denote the restriction of the map O to the vertices N (a) [m]R, i.e Oa(b;z) = O(b;2).

7.2.1 Multiple Long Codes

Throughout this section, we shall x a vertex a2 A and analyze the long codes corresponding to
all neighbours ofa. For a neighbour b2 N (a), we shall use , to denote the permutation along

the edge @;b). Let Fl[)p;q] denote the functions associated with the orderingOy,. De ne functions
FP9.mRR1 R as follows:

FPI@) = Pr 0alb 5(2) 2 Pid = Eron@lFP U o(@)]

(a)
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De nition 7.2.  De ne the set of in uential coordinates S (Og) as follows:
S (0a) = fkjinf (T; FLPd) for somep;q2 Zg
An ordering O is said to be -pseudorandom ifS (O3) is empty.

Lemma 7.3. For any in uential coordinate k 2 S (O,), for at least 5 fraction of b2 N(a), p(k)
is in uential on Oy. More precisely, (k) 2 S -,(Op).

Proof. As the coordinate k is in uential on O, there exists p: g such that Inf (FP¥) . Recall

that FP9z) = EbZN(a)[Ft[)p;Q]( b(2))]. Using convexity of Inf this implies,

EwenalInf ) (F t[)p;Q])]

All the in uences Inf b(k)(Ft[)'O;O']) are bounded by 1, since each of the functions 'Y take values in

the range [Q 1]. Therefore for at least =2 fraction of vertices b2 N (a), we have Inf b(k)(Ft[)p;Q])
=2. This concludes the proof. O

Lemma 7.4. For any vertexa?2 A, jS (Oa)j 6 800= 4.

Proof. From Lemma 7.3 for each coordinatek 2 S (Oy) there is a corresponding coordinate (k)
in S-,(Oyp) for at least =2 fraction of the neighboursb. Further from Lemma 4.3 the size of each
setS -,(Oy) is at most 400= 3. By double counting, we get that jS (O)j is at most 806= 4. O

Theorem 7.5. For all ; > 0, there exists constantst; > 0 such that for any vertexa 2 A, if
O4 is -pseudorandom thenVal(O,) 6 Valk(G) + =4.

Proof. The proof outline is similar to that of Theorem 6.2 Let O, denote the t-coarsening ofOs,.
Then we can write,

Val(0a) 6 Vak(0,)+ 3 Pr Oy(b; o(z)) = Ogltf 1(z.)

The t-coarseningO, is obtained by dividing the order O, in to t-blocks. Let [p; + 1;p2];[p2 +
+1:pi+1 ]

and Fj = F[P*1 P11 n this notation, we can write:

X h . i
Pr O,(b; n(zy)) = Oa(boﬁ w(Zv)) = Ee=(uv)EbipEzy 2, Bz 2 FII)( b(Zu)) Ftl)o( w(2v))
i2[t] .
X h oo
= Ee=(uyv)Ezuiz,Ez 2y Fa(zu) Fa(zv)
i2[t] .
X h i

= Ee=(u;v)EZu;Zv T1 2 F;(Zu) T1 2 F;(ZV)
i21t]

As the ordering O, is -pseudorandom, for everyk 2 [R] and i 2 [t], Inf(Ty F)) 6 . Hence by
Lemma 3.5 the above value is less tharO(t 2 )+ o (1).
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Now we shall bound the value ofVak(O,). In terms of the functions Fl‘), the expression for
Vak(O,) is as follows:

h1X _ . X . . [
w5 Fo( b(zu)) ng( w(zv)) + Fo( b(zu) ng( w(2v))
i=]j i<j

hlx . . X . . I
= Ee=(uv)Ezu:zvEzuizy > Fa(zu) Fi(z)+ Fa(zu) Fi(z)
i=

j <

Vak(O,) = Ee=( u;v) EbpEz, ;2 Ez,

Again, since the orderingO, is -pseudorandom, for everyk 2 [R] and i 2 [t], Inf,(Ty FL.) 6
Hence by Claim 6.5, the above value is bounded byak(G) + o (1). From the above inequalities,
we getVal(O,) 6 Vak(G)+ O(t z )+ o (1), which nishes the proof. O

7.2.2 Dening a Labelling

De ne the labelling for the unique games instance as follows: For eacha 2 A, (a)is a
uniformly random element from S (O,) if it is non-empty, and a random label otherwise. Similarly
for eachb?2 B, assign (b) to be a random element ofS _,(Oy) if it is nonempty, else an arbitrary
label.

If Val(O) is greater than  + , then

Val(0) = Eqon VallOa)] 5+

For at least =2 fraction of verticesa 2 A, we haveVal(Oj,) %+ =2. Let us refer to these vertices
a asgoodvertices. From Theorem 7.5 for every goodvertex the order O, is not -pseudorandom. In
other words, for everygoodvertex a, the setS (Oj) is non-empty. Further by Lemma 7.3for every
label | 2 S (Oy), for at least =2 fraction of the neighboursb 2 N (a), p(l) belongs to S -,(Oy).

For every such b, the edge @;b) is satis ed with probability at least 1 5S (Oy)] 15S -5(Op)j.

By Lemma 4.3and Lemma 7.4 this probability is at least =800 3=3200. Summarizing the
argument, the expected fraction of edges satis ed by the laklling is at least 2 #=10240000.
By a small enough choice of , this yields the required result.

8 SDP Integrality Gap

In this section, we construct integrality gaps for the MAS-SDP relaxation using the unique games
hardness reduction. Speci cally we show,

Theorem 8.1. For any > 0, there exists a directed graphG such that the value of semi de nite
program (MAS-SDP) is at least 1 , While Val(G) 6 %+

The proof uses a bipartite variant of the Khot-Vishnoi [10] Unique Games integrality gap
instance as in [L9, 12]. Speci cally, the following is a direct consequence ofQ].

Theorem 8.2. [10] For every > 0, there exists a UG instance, =( A[B ;E; = f ¢:[R]!
[R] ] e2 Eg;[R]) and vectorsfv‘gg for every b2 B, k 2 [R] such that the following conditions
hold :
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No assignment satis es more than fraction of constraints in
For all b;@2B;k;12[R],VE V>0 and VE V[=0.
P P
Forall b;B2B;k;I 2 [R], VE  pr)Vip= jViiZand o iVEiZ=1

hP k 0, k I
The SDP value is at leastl  : Eaa iz or) Vo o Vi o > 1

Let G be a (;t)-multiscale gap instance with m vertices. Apply Theorem 8.2 with a su ciently
small to obtain a UGC instance and SDP vectors fV'gjb 2B;k 2 [Rlg[f Ig. Consider the
instance G constructed by running the UG hardness reduction inSection 7on the UG instance .
The set of vertices of G is given by B [m]R. SetM = jBj mR and N = jBj. Further, x an

The program MAS-SDP on the instance G contains M vectorsfW (* ?ji 2 [M ]g for each vertex
(b;z)2B [g]} and a special vectorl denoting the constant 1. De ne a solution to MAS-SDP as
follows: Set the vectorl to be the corresponding vector in the instance . Foreach @;z) 2B [m]R
andi 2 [R] de ne

X
(b:2) - : L
WNq(i D+j Vg 8i 2 [R];(;2) 2B
Zk=i
Wl(q “=0 for any other choice of | 2 [M];(b;z) 2B

It is easy to check that the vectorsfW (? *?g satisfy the constraints of MAS-SDP and have an SDP
value close to 1. On the other hand, the soundness analysis iBection 7implies that the integral
optimum for Gis at most %+ . The details of the proof will appear in the full version of the paper.
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