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Abstract

The connection between integrality gaps and computational hardness of discrete optimization problems is
an intriguing question. In recent years, this connection ha s prominently �gured in several tight UGC-based
hardness results. We show in this paper a direct way of turnin g integrality gaps into hardness results for
several fundamental classi�cation problems. Speci�cally , we convert linear programming integrality gaps for
the Multiway Cut, 0-Extensionand Metric Labeling problems into UGC-based hardness results. Qualitatively,
our result suggests that if the unique games conjecture is true then a linear relaxation of the latter problems
studied in several papers (so-calledearthmover linear program) yields the best possible approximation. Ta king
this a step further, we also obtain integrality gaps for a sem i-de�nite programming relaxation matching the
integrality gaps of the earthmover linear program. Prior to this work, there was an intriguing possibility of
obtaining better approximation factors for labeling probl ems via semi-de�nite programming.

1 Introduction

The connection between integrality gaps and computationalhardness of discrete optimization problems is an
intriguing question. For a given problem, an integrality gap provides a bound on the approximation factor that
can be obtained from rounding a speci�c linear programming or semi-de�nite programming formulation of the
problem. In contrast, a computational hardness result applies to all polynomial time algorithms.

Yet, it has often transpired for many problems that hardnessresults turn out to match the best integrality
gaps known (e.g., MAX-3SAT, maximum cut, vertex cover, etc.). For example, in the case of the maximum cut
problem, the search for the optimal hardness result was directly inspired and aided by the known integrality gaps
for the standard semi-de�nite relaxation of the problem. Thus, researchers are left to wonder if indeed there is
a direct relationship between integrality gaps and hardness results.

In this paper we show for a set of labeling problems a direct way of turning integrality gaps into hardness
results, assuming the unique games conjecture (UGC). In particular, we show how to convert integrality gaps
for a linear programming relaxation of the metric labeling problem (and special cases of it) into a (conditional)
hardness result.

The metric labeling problem falls under the class of edge deletion problems along with many other classic
optimization problems. In an edge deletion problem, given an undirected graph G = ( V; E) and a non-negative
weight function w on E, the goal is to �nd a minimum weight set of edgesE 0 such that G0 = ( V; E � E 0) satis�es
certain properties. A special case is when the set of deletededges forms acut. The simplest and probably most
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familiar problem in this class is the minimum (s; t) cut problem. Given two terminals s and t, the goal is to �nd
a minimum weight cut that separates s and t. This problem can be solved precisely in polynomial time following
the classic work of Ford and Fulkerson.

The Multiway Cut problem is a natural generalization of the minimum (s; t) cut problem when more than two
terminals are involved. The input is a set of k terminals T � V and the goal is to �nd a minimum weight set of
edges that separates every pair of terminals. This problem is NP-hard and a (2� 2

k )-approximation algorithm
that uses the classic (s; t)-cut algorithm as a subroutine is known [9]. Based on a novelgeometric relaxation,
Calinescu et al. [8] obtained a3

2 � 1
k approximation for the problem. Continuing this line of work , [13] obtained

tight integrality gaps for the case k = 3, and improved approximation factors for general k (about 1.3438).
The 0-Extensionproblem [15, 16] is a generalization of theMultiway Cut problem in which a metric d is de�ned

on the terminal set T . The goal is to assign to each vertexv 2 V a terminal t(v) in T , while minimizing the
total cost given by

P
u;v 2 E w(u; v)d(t(u); t(v)). In case the metric on the terminals T is the uniform metric, then

the problem reduces to theMultiway Cut problem. Calinescu et al. [5] obtained anO(log jT j)-approximation
algorithm for 0-Extension. The approximation factor was improved to O(log jT j=log logjT j) in [10] using a better
analysis. The ideas from the 0-Extensionproblem [5, 10] have found further applications in metric embeddings
[23] and in analysis[24].

Motivated by applications in computer vision, Kleinberg et al. [22] introduced the Metric Labeling (ML)
problem. The input to the Metric Labelingproblem is a metric space (T; d) of labels and a non-negative cost
function c on vertex-label pairs. The objective is to �nd an assignment of labels to the vertices minimizingP

v2 V c(v; t(v)) +
P

(u;v )2 E w(u; v) d(t(u); t(v)). This is a generalization of the 0-Extensionproblem, since the
assignment cost functionc is arbitrary. Using an approximate representation of metrics as a combination of
dominating tree metrics [4], [22] gave an approximation algorithm for Metric Labeling. Its approximation factor
can be shown to beO(log jT j) using the later improvement of [11] in embedding metrics into dominating tree
metrics. A special case ofMetric Labelingthat is of particular interest is the Uniform Metric Labeling(UML)
problem. Here the distance metric d on the labels T is just the uniform metric, i.e., d(`1; `2) = 1 for all
labels `1 6= `2. For Uniform Metric Labelinga factor 2 approximation algorithm is known [22]. Constant factor
approximation algorithms [22, 12, 6, 1] are known for several other special cases of metrics.

Inspired by the geometric relaxation for the Multiway Cut problem, Chekuri et al. [6] proposed an earthmover
metric linear relaxation for the Metric Labelingand 0-Extensionproblems. They also showed that the integrality
gap of the earthmover relaxation is at least as good as the approximation factor of the Kleinberg-Tardos algorithm
[22] for general metrics. Archer et al. [1] gave an earthmover relaxation based Metric Labelingalgorithm whose
performance depends on the decomposability of the metricd. However, even the earthmover linear relaxation
proved unsuccessful in obtaining approximation factors better than O(log jT j) for Metric Labeling. In fact, for
the problems of Metric Labelingand 0-Extension, integrality gaps of 
(log jT j) and 
((log jT j)

1
2 ), respectively,

were shown for the earthmover relaxation [14].
Nevertheless, the hardness results known forMetric Labelingand 0-Extensionstill do not match the best

known approximation algorithms. Chuzhoy and Naor [7] showed that for any � > 0 there is no polynomial
time algorithm that approximates the Metric Labelingproblem within a factor of O((log jT j)

1
2 � � ), unlessNP �

DT IME (npoly (log n ) ). Building on the work of [7], [14] showed that there is no polynomial time algorithm that
approximates 0-Extensionwithin a factor of O((log jT j)

1
4 � � ), unless NP � DT IME (npoly (log n ) ). Even in the

case of theMultiway Cut problem nothing better than AP X -hardness [9] is known.
In the above discussion, an intriguing possibility that remains open is the use of semide�nite programming

(SDP) to obtain better approximation factors for Metric Labeling. In fact, the earthmover relaxation has a
natural semide�nite counterpart. Even for the case of Multiway Cut, obtaining a better approximation using
semide�nite programming has not been ruled out.

1.1 Results

Roughly speaking, we show that semide�nite programming relaxations do not yield better approximation factors
than the earthmover linear program. Towards this, we harness the connection between the Unique Games
Conjecture (UGC) [17] and semide�nite programming. The interplay between UGC based hardness results and
SDP integrality gaps has been very fruitful in recent years [21, 18, 19, 2, 3].

Our approach is as follows: Starting with an integrality gap instance � for the earthmover linear program,
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we show a matching unique games based hardness. By using thishardness reduction, along with a well known
SDP gap for Unique Games [21], we obtain corresponding SDP gaps. The SDP gap obtained is exactly equal
to the gap of the earthmover linear program instance �, with w hich we began the reduction. Thus, we obtain
both SDP integrality gaps and unique games based hardness results, matching the earthmover linear program
integrality gap.

We implement this approach for all of the above problems:Multiway Cut, 0-Extensionand Metric Labeling.
More precisely, we prove:

Theorem 1.1 Assuming the Unique Games Conjecture, for theMultiway Cut, the 0-Extension, and the Metric
Labelingproblems, the following holds: Given an instanceH with integrality gap � for the earthmover linear
program, there is a NP -hardness reduction showing that the problem cannot be approximated to a factor better
than � . Further, the instances produced by the reduction have the same set of labels asH.

The following theorem refers to the earthmover semide�nite relaxation appearing in Section 2.1.

Theorem 1.2 For the Multiway Cut, the 0-Extension, and the Metric Labelingproblems, the integrality gap of the
earthmover semide�nite relaxation(EM-SDP) is equal to the integrality gap of the earthmover linear program.

As the reduction always produces an instance with the same set of labels, the following stronger result holds:

Theorem 1.3 Assuming the Unique Games Conjecture, it isNP -hard to approximate theMetric Labelingand
0-Extensionproblems with any �nite metric (T; d) to a factor better than the integrality gap of the earthmover
linear program on (T; d).

Note that determining the exact value of the earthmover linear program integrality gap for these problems
is not always easy. The following table shows the earthmoverlinear program gaps and the best known approxi-
mation factors.

Problem Integrality Gap App. Factor
3-way cut 12=11 [13] 12=11 [13]

0-Extension 

�
(log jT j)

1
2
�

[14] O
� log jT j

log log jT j

�
[10]

ML 
(log jT j) [14] O(log jT j) [22]
UML 2 � 2

jT j [22] 2 [22]

The reductions in this paper produce instances whose size isat least doubly exponential in the size of the
earthmover linear program integrality gap instance. Therefore, the hardness results as well as the SDP gaps hold
only for �xed values of jT j. In other words, the results of this work apply for constant factor gaps and hardness
results.

Interestingly, the reductions in this paper would apply even if the distance function between the labels does
not satisfy triangle inequality. In particular, it is enoug h that d(x; x ) = 0 and d(x; y) 6= 0 for x 6= y.

In a somewhat di�erent direction, Raghavendra [26] obtains UG-hardness for every CSP (constraint satis-
faction problem), starting from an appropriate SDP integrality gap. In particular, this general conversion from
SDP gaps to UG-hardness applies to the problemsMetric Labeling, 0-Extensionand Multiway Cut. However,
the reduction in [26] makes crucial use of the SDP vectors, and thus would not apply to linear programming
integrality gaps. Although both [26] and our work proceed byconverting integrality gaps to hardness results, the
soundness proofs are very di�erent. For all the problems in this work, the objective is to minimize the number
of edges cut. Hence, along the lines of many other UG hardnessresults for cut problems [21, 20], the proof uses
noise stability of functions.

1.2 Proof Overview

To illustrate the main ideas, we outline the reduction for the 3-way cut problem. Let G = ( V; E) be a 3-way
cut instance with terminals f t1; t2; t3g. The following is the earthmover linear programming relaxation for the
problem:
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Minimize
1
2

X

e=( u;v )2 E

kX u � X v k1

subject to: X (1)
u + X (2)

u + X (3)
u = 1 8u 2 V

X i
u > 0

X t 1 = (1 ; 0; 0); X t 2 = (0 ; 1; 0); X t 3 = (0 ; 0; 1)

A crucial ingredient in all UG hardness reductions is a Dictatorship Test. A function F : f 1; 2; 3gR ! f 1; 2; 3g
is said to be adictator if the function is given by F (x) = x i for some �xed i . The input to a dictatorship test
consists of a functionF : f 1; 2; 3gR ! f 1; 2; 3g. The objective is to query the function F at a few locations, and
distinguish whether the function is a dictator or far from every dictator.

Given a dictatorship test, the UG hardness reduction usually follows by standard techniques. Roughly
speaking, one introduces a vertex for every point inf 1; 2; 3gR and translates the queries made by the dictatorship
test in to constraints between these vertices. The resulting gadget is usually referred to as the \Long Code
Gadget".

Making things concrete, we shall now describe the long code gadget used as part of our reduction. Actually,
we convert an integrality gap instance for the Earthmover LP in to a long code gadget.

Let us supposeG = ( V; E) is an integrality gap instance for the above linear program. Let LP(G) and
OPT(G) denote the optimal LP and integral values, respectively. The LP solution associates each vertexv in
V with a point X v on the 3-dimensional simplex. The coordinates ofX v can be thought of as probabilities of
assigning the corresponding labels.

From G, we shall construct a 3-cut instanceG0 such that :

� There exist special 3-way cuts inG0 whose cost equals the linear programming optimumLP(G). These
cuts will be referred to asdictator cuts.

� A 3-way cut solution in G0 which is far from every dictator cut pays at least the integral optimum OPT(G).

The vertices of G0 are as follows : For each vertexv of G introduce a group 
 R
v of 3R vertices. The vertices in


 R
v are indexed by vectorsf 1; 2; 3gR . It is useful to think of 
 R

v as having a product probability distribution X R
v

on it.
For example, consider the terminal t1 of the 3-way cut instance G. The corresponding LP assignmentX t 1

is a corner of the simplexe1 = (1 ; 0; 0). Hence the probability distribution X R
t 1

is non-zero on a single vertex
(1; 1; 1; : : : ; 1). Similarly for each t i , the probability distribution X R

t i
on 
 R

t i
is nonzero only at (i; i; : : : ; i ). These

special vertices are the terminals ofG0. More precisely, the terminals ofG0 are the vertices (i; i; : : : ; i ) 2 
 R
t i

.
A 3-way cut solution assigns to each vertex a label from the set f 1; 2; 3g. Thus a 3-way cut solution to G0

consists of a set of functionsFv : 
 R
v ! f 1; 2; 3g. There are two special 3-way cut solutions that will be of

interest:

� The set of functionsFv (x) = x i for somei . These functions form a feasible 3-cut solution, since theyassign
di�erent labels to all the terminals. We shall refer to these solutions asdictator cuts.

� Each function Fv is a constant function. These solutions will be referred to as integral cuts

For an edgee = ( v; w) in the graph G, we will introduce edges between groups 
Rv and 
 R
w . The edges introduced

are such that the dictator cuts have a cost close toLP(G). We illustrate the basic idea with an example. Let
e = ( v; w) be an edge inG, with X v = ( 1

3 ; 1
2 ; 1

6 ) X w = ( 1
6 ; 1

2 ; 1
3 ). The edges between groups 
Rv and 
 R

w are given
by a joint distribution over pairs x 2 
 R

v , y 2 
 R
w . Generate each coordinate ofx according to the probability

distribution X v . To generatey, we shall mimic the 
ow of probability mass required to convert distribution X v

into X w . Speci�cally, the i th coordinate yi is generated fromx i using the following distribution:

If x i = 1, then yi = 1 with probability 1
2 and yi = 3 with the remaining probability. If x i = 2 or 3,

then yi = x i .
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It is easy to check that if x i is generated according to distribution X v = ( 1
3 ; 1

2 ; 1
6 ), then the distribution of yi

is same asX w = ( 1
6 ; 1

2 ; 1
3 ).

Consider a dictator cut given by functions Fv (x) = x1 and Fw (y) = y1. The cost of the cut is equal to the
probability that x1 6= y1 when x; y are generated as above. But this is exactly equal to the totalprobability mass
that 
ows so as to change distributionX v to X w . In this case, the probability of x1 6= y1, is 1

6 = 1
2 kX v � X w k1.

Consequently, thedictator cuts pay exactly the LP value LP(G).
In an integral cut, the group of [3]R vertices corresponding to a vertexv all have the same label. Intuitively,

an integral 3-way cut is assigning a label to the vertexv in the original graph G. In fact, an integral 3-way cut
of G0 corresponds to a 3-way cut ofG. Thus, if all the functions Fv were constant functions, then the cost of the
cut is at least the minimum cost OPT(G) of a 3-way cut of G.

We need to ensure that the functions which are far from adictator function have a cost at least the integral
optimum OPT(G). Towards this end, we shall introduce noise sensitivity edges. Inside each group 
Rv we will
introduce edges between pairs (x; y) where x is from the distribution X R

v , and y is generated by perturbing the
coordinates ofx. By an appropriate choice of parameters, the total cost ofnoise sensitivity edges overwhelms
the remaining edges. Using results on noise stability, if a function Fv : 
 R

v ! f 1; 2; 3g cuts a small fraction of
the noise sensitivity edges, then either:

� The function Fv is close to a dictator function (more precisely, it has an in
uential variable).

� Function Fv is close to a constant function.

Hence, either we obtain a function Fv with an in
uential variable, or the cost of the cut is OPT(G). Using
standard techniques, such a gadget can be used to obtain a unique games based hardness result.

2 Preliminaries

For a positive integer k, � k denotes the thek dimensional simplex. The notation [k] refers to the setf 1; : : : ; kg.
From [6], without loss of generality, it can be assumed that the assignment costs inMetric Labelingare either zero
or in�nity. Thus, Metric Labelingwith assignment costs inf 0; 1g is called restricted Metric Labeling. Towards
setting up notation, we de�ne the problems Multiway Cut, 0-Extensionand Metric Labelingbelow.

De�nition 2.1 An instance of the (restricted) ML problem is a weighted graph,H = ( V (H); E (H); we), along
with a set of labelsL , a family of subsetsfL (v)gv2 V (H ) , and a metric d on L . A valid labeling is a mapping
� : V (H) ! L such that for each vertex,v 2 V (H), �( v) belongs toL (v). The cost of a labeling� , Val � (H ), is

X

(u;v )= e2 E (H )

we d(�( u); �( v)) :

The value of the instance,OPT(H), is the minimum cost labeling for the instance.

De�nition 2.2 An instance of Multiway Cut problem consists of a weighted graph,H = ( V (H); E (H); we), along
with a set of terminals L � V (H). The objective is to remove a set of edges of minimum weight soas to separate
every pair of terminals.

The Multiway Cut problem can be formulated as a labeling problem (with a uniform metric) as follows: A
valid multiway cut corresponds to a labeling � : V (H) ! L such that for each terminal t 2 L , �( t) = t. The
cost of such a labeling �, Val � (H ) is given by

P
(u;v )2 E (H ) ;�( u)6=�( v) we. The value of the instance Val(H ) is the

minimum cost labeling for the instance.

De�nition 2.3 An instance of 0-Extensionproblem consists of a weighted graph,H = ( V (H); E (H); we), along
with a set of terminals L � V (H) with a metric d on them. The objective is to assign each vertexv to a terminal
�( v) 2 L such that the following cost is minimized:

X

(u;v )= e2 E (H )

we d(�( u); �( v)) :

The value of the instance,Val(H ) is the minimum cost labeling for the instance.
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2.1 Earthmover Linear Program for Metric Labeling

The following linear programming relaxation for ML was introduced in [6]. Let H = ( V (H); E (H); we) be an
instance of metric labeling. Intuitively, the LP asks for an embedding of the verticesV (H) on the k dimensional
simplex � k . For every vertex v, the corresponding pointX v 2 � k represents the probability distribution of each
label being assigned tov. For example, each corner of the simplex represents a particular label. The labeling
constraint �( v) 2 L (v) is enforced by a linear constraint on the probability distr ibution X v . These labeling
constraints force the point X v to lie in the face containing the allowed labelsL (v), denoted by � L (v) . The
objective is to minimize the weighted sum of theearthmover distance between adjacent vertices.

De�nition 2.4 (Earthmover Distance) Given two
points X; Y 2 � k , and a metric d(i; j ) on [k], the earthmover distance,d./ (X; Y ) is given by the optimal value
of the following LP:

Minimize
X

i;j

d(i; j )f ij

s.t.
X

i

f ij = Yj

X

j

f ij = X i 8i; j 2 [k]

f ij > 0

In other words, the earthmover distance is the minimum cost of moving the probability mass from distribution
X to Y , given the distance metric d on the labels. It is easy to see that this de�nes a metric on thesimplex
� k . Thus, the earthmover distance generalizes a metric onk points to a metric on � k such that the distance
between corner points is the same as the original metric. In this notation, the linear program of [6] is simply:

Minimize
X

(u;v )2 E (H )

wed./ (X u ; X v )

(EM-LP)

s.t. X u 2 � L (u) 8u 2 V (H)

Our reduction starts with an instance of metric labeling along with an optimal solution to the linear pro-
gram (EM-LP).

De�nition 2.5 (Structured Integrality Gap) A structured integrality gap instance to the metric labeling
problem is a4-tuple (H ; L ; d; f X v g) where X v 2 � k is an optimal solution to the LP (EM-LP) . In addition, the
metric labeling instance satis�es the following properties:

X

e2 E (H )

we = 1 and d(i; j ) 6 1; for all 1 6 i; j 6 k:

The following parameters will be important for the reduction: m = jV (H)j, � = min a2 V (H ) ;X i
a 6=0 X i

a , � =
min i 6= j d(i; j ), LP(H) is the value of the LP optimum and OPT(H) is the value of the integer optimum.

The following semide�nite program is a simple generalization of the earthmover metric linear program. Our
goal is to show integrality gaps for this semide�nite program.
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Minimize
X

(u;v )2 E (H )

we

X

i;j 2L

d(i; j )(vi � vj )

(EM-SDP)

subject to:
X

i 2L

jj vi jj2
2 = 1 8v 2 V(H) (1)

jjvi jj2
2 = 0 8v 2 V (H); i =2 L (v) (2)

vi � vj = 0 8v 2 V (H); i; j 2 L (3)

ui � vj > 0 8u; v 2 V (H); i; j 2 L (4)

ui �
X

j 2L

vj = jjui jj2
2 8u; v 2 V (H); i 2 L (5)

2.2 Unique Games Conjecture, Long Codes, and Analytic Notio ns

To simplify the presentation, we will use the following version of the Unique Games Conjecture [20], which was
shown to be equivalent to Khot's original conjecture [17].

Conjecture 2.6 (Unique Games Conjecture) For any constant � > 0, there exists large enough constant
R such that given a bipartite unique games instance� = ( X [ Y ; E; � = f � e : [R] ! [R] j e 2 Eg; [R]) with
number of labelsR, it is NP-hard to distinguish between the following two cases:

� There exists an assignmentA of labels such that for1� � fraction of the vertices v 2 X , all the edges(v; w)
are satis�ed.

� No assignment satis�es more than a� -fraction of the constraints � .

Our reduction, like many previous reductions, will use longcode gadgets. We recall a few standard de�-
nitions to facilitate our analysis. Let 
 denote a �nite prob ability space with k di�erent atoms. Let f � 0 =
1; � 1; � 2; : : : ; � k � 1g be an orthonormal basis for the spaceL 2(
). For � 2 [k]R , de�ne � � (x) =

Q
i 2 [R ] � � i (x i ).

Every function F : 
 R ! R can be expressed as a multilinear polynomial as follows:

F (x) =
X

�

F̂ (� )� � (x):

De�nition 2.7 For 0 6 � 6 1, de�ne the operator T� on L 2(
 R ) as T� F (x) = E[F (y) j x] where yi = x i with
probability � and a random element from
 with probability 1 � � . Formally,

T� F (x) =
X

� 2 [k ]R

� j � j F̂ (� )� � (x);

where j� j is the number of non-zero coordinates in� .

For a function F : 
 R ! R de�ne the in
uence and low degree in
uence of the i th coordinate as follows:

Inf i (F ) = Ex [Var x i [F ]] =
X

� i 6=0

F̂ 2(� )

Inf <t
i (F ) =

X

� i 6=0 ;j � j 6 t

F̂ 2(� ):
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Fact 2.8 For a function F with Var [F ] 6 1,

X

i

Inf <t
i (F ) 6 t:

The Gaussian noise stability � � is de�ned as follows:

De�nition 2.9 Given � 2 [0; 1], let t = � � 1(� ) where � denotes the distribution function of the standard
Gaussian. Then,

� � (� ) = Pr[ X 6 t; Y 6 t];

where (X; Y ) is a two-dimensional Gaussian vector with covariance matrix
�

1 �
� 1

�
.

The following theorem on noise stability of functions over aproduct probability space is essentially a restatement
of Theorem 4:4 in Mossel et al. [25]

Theorem 2.10 Let 
 be a �nite probability space with the least non-zero probability of an atom at least � . For
every �; � > 0 there existst; � such that the following holds: For every functionF : 
 R ! [0; 1] with � = E[F ]
and Inf 6 t

j (F ) < � for all j 2 [R],
Ex [F T1� � F ] 6 � 1� � (� ) + �:

2.3 Edge Test Distribution

Every point X 2 � k corresponds to a probability distribution over [k]. For X; Y 2 � k , let 
 X , 
 Y denote
the corresponding probability spaces. The earthmover distance d./ (X; Y ) suggests a natural way to generate
correlated random variables (x; y) 2 
 R

X � 
 R
Y . Let f ij be the optimal value of the earthmover LP as in

De�nition 2.4. Then, we have the following joint probabilit y distribution:

Pr[yi = b^ x i = a] = f ij :

The constraints of the LP ensure that the f ij 's form a valid joint probability distribution. We will deno te
such a correlated distribution by x � XY y. For an edgee = ( u; v) 2 E(H) and an LP solution f X u g, we will
denote by x � e y the corresponding correlated distribution.

3 The Reduction

In this section, we shall describe the reduction from UniqueGames to Metric Labeling. The same reduction
applies with minor changes for theMultiway Cut and 0-Extensionproblems.

Let 	 = ( H ; L ; d; f X v g) be a structured integrality gap instance for Metric Labeling. Without loss of generality,
we may assume that the set of labelsL = [ k]. Let � = ( X [ Y ; E; � ; [R]) be a UG instance. Let � > 0 and let
� = � 7=8. We construct a metric labeling instance (G; L ; d) as in Figure 1.
Proof of (of Theorem 1.1): For Metric Labelingthe proof directly follows from Theorems 3.1 and 3.7. As stated,
the instance produced by the reduction also has the same set of labels L .

For 0-Extensionand Multiway Cut, the instances produced by the reduction have too many terminals. Specif-
ically, for every vertex w 2 Y , terminal t 2 L and x 2 [k]R there are kR vertices of the form (w; t; x ) 2 V (G).
For every vertex (w; t; x ), the set of allowed labels inG is just f tg. Using standard techniques the graphG can
be modi�ed into G0 with the correct set of terminals.

Introduce a new vertex in V (G0) for each label in t 2 L . These new vertices are the terminals forG0. For
every vertex (w; t; x ) with t 2 L , introduce an edge of in�nite(su�ciently high) cost betwee n t and (w; t; x ).
A solution to the instance G0 will not cut any of the edges of in�nite cost. This simulates the constraint that
(w; t; x ) is assigned labelt. 2

8



The vertices of G are V (G) = Y � V (H) � [k]R .
The set of allowed labels for a vertex (y; a; x) 2 V (G) is L (a).
The weight of an edge is the probability it is output by the fol lowing test:

� Pick u 2 X at random, and two of its neighbors w1; w2 independently at random. Let � 1; � 2 denote
the permutations on edges (u; w1) and (u; w2).

� With probability � perform the edge test, otherwise (with probability 1 � � ) perform the vertex test.

Edge test: (with probability � )

� Pick an edgee = ( a; b) 2 E(H) with the probability distribution we.

� Samplex � e y, x 2 
 R
a , y 2 
 R

b .

� Output the edge (w1; a; � 1(x)) $ (w2; b; � 2(y)).

Vertex test: (with probability 1 � � )

� Pick a uniformly random vertex a 2 V (H).

� Samplex 2 
 R
a . Sampley 2 [k]R such that yi = x i with probability 1 � � and yi = a new sample from


 a otherwise.

� Output the edge (w1; a; � 1(x)) $ (w2; a; � 2(y)).

Figure 1: The reduction.

3.1 Completeness

Theorem 3.1 For every �; � > 0, given a UG instance � that is 1 � � strongly satis�able and a structured
integrality gap instance 	 , the value of the metric labeling instance(G; L ; d) obtained from the reduction is at
most (1 � � )( � 7=8 LP(H) + � ) + � .

Proof of L: et � denote a labeling to the UG instance �. Consider the labeling � to Gthat sets �( u; a; x) = x � (u ) .
It is easy to check that � is a valid labeling for the instance G. Fix � = � 7=8. Then, the cost of the labeling � is:

Ev;w 1 ;w 2

"

� � E (a;b)2 E (H )

Ex;y

h
d(�( w1; a; � 1(x)) ; �( w2; b; � 2(y)))

i

+ (1 � � ) � Ea2 V (H )

Ex � 1� � y

h
d(�( w1; a; � 1(x)) ; �( w2; a; � 2(y)))

i
#

= Ev;w 1 ;w 2

"

� � E (a;b)2 E (H )Ex;y

h
d(x � 1 ( � (w1 )) ; y� 2 ( � (w2 )) )

i

+ (1 � � ) � Ea2 V (H )

Ex � 1� � y

h
d(x � 1 ( � (w1 )) ; y� 2 ( � (w2 )) )

i
#

:

With probability 1 � � over the choice of vertexu, the unique games assignment� satis�es all the edges incident
at u. Let us refer to these verticesu as good vertices. For a good u, for all choices of w1; w2, � 1(� (w1)) =

9



� 2(� (w2)) = � (u). Thus the expected cost for agoodvertex is given by

� � E (a;b)2 E (H )Ex;y

h
d(x � (u ) ; y� (u ) )

i

+ (1 � � ) � Ea2 V (H ) Ex � 1� � y

h
d(x � (u ) ; y� (u ) )

i

6 � � LP(H) + (1 � � ) � �:

For an arbitrary vertex u, the expected cost is always bounded by 1 since all the distances are bounded by 1.
Thus, the total cost of the labeling � is at most (1 � � ) �

�
� LP(H) + �

�
+ � . 2

Corollary 3.2 For every 
 > 0, there exists�; � > 0 such that, the value of the metric labeling instance(G; L ; d)
obtained as in Theorem 3.1 is at most� 7=8 LP(H)(1 + 
 ).

Proof of S: etting � < (
 LP(H)=2)8 and � < � 7=8 LP(H)
= 4 in Theorem 3.1 gives the required result. 2

3.2 Soundness

Let � be a labeling of ( G; L ; d) obtained from the reduction. Let � be as de�ned in the reduction and let � = � 7=8.
For w 2 Y , a 2 V(H), de�ne k functions F i

w;a : [k]R ! [0; 1]:

F i
w;a (x) =

(
1 if �( w; a; x) = i

0 otherwise

For u 2 X , a 2 V (H), de�ne k functions Gi
u;a : [k]R ! [0; 1]:

Gi
u;a (x) = Ew2 N (u)

�
F i

w;a (� uw (x))
�

:

Observe that for any x,

kX

i =1

Gi
u;a (x) =

kX

i =1

Ew2 N (u)
�
F i

w;a (� uw (x))
�

= Ew2 N (u)

"
kX

i =1

F i
w;a (� uw (x))

#

= 1 :

De�ne � i
u;a = Ex [Gi

u;a (x)] where x is distributed according to the probability distribution o f 
 R
a . Further, de�ne

� u;a = ( � 1
u;a ; : : : ; � k

u;a ). Hence, for all u; a we have

kX

i =1

� i
u;a =

kX

i =1

Ex [Gi
u;a (x)] = Ex

"
kX

i =1

Gi
u;a (x)

#

= 1 :

Thus, � u;a 2 � k , i.e., it de�nes an embedding in the simplex. We will drop u and a when they are clear from
the context.

For a vertex u 2 X , let Val Edge
� (u) and ValVertex

� (u) denote the expected cost incurred by the edge and vertex
tests respectively when the veri�er chooses vertexu. We can write the cost of the labeling as follows.

Val � (G) = Eu

h
� ValEdge

� (u) + (1 � � ) Val Vertex
� (u)

i
:

We will show that for most choices u 2 X , a 2 V (H), either the functions Gi
u;a have an in
uential variable or

they are close to constant functions. More precisely, we show that if the functions are neither constant nor have
in
uential variables, then the cost of the vertex test on u; a is overwhelmingly large.
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Lemma 3.3 Fix u 2 X , a 2 V (H) and let Gi denote the family of functions associated with(u; a). For every �
we have

Ex � (1 � � ) y

h X

i;j 2L

d(i; j )Gi (x)Gj (y)
i

> �
X

i

�
Ex [Gi ] � Ex [Gi T1� � (Gi )]

�
;

where � = min i 6= j d(i; j ). Further, for all �; � > 0, there exists t; � such that if Inf <t
j (Gi ) < � for all i 2 [k]; j 2

[R], then

Ex � 1� � y

h X

i;j 2L

d(i; j )Gi (x)Gj (y)
i

> �
X

i

�
� i � � 1� � (� i )

�
� �:

Proof of S: ince
P

j 6= i Gj (x) = 1 � Gi (x), we get

Ex � 1� � y

h X

i;j 2L

d(i; j )Gi (x)Gj (y)
i

> � Ex � 1� � y

hX

i

Gi (x)
�
1 � Gi (y)

� i

= �
X

i

�
Ex [Gi ] � Ex [Gi T1� � (Gi )]

�
:

To derive the second part of the lemma, apply Theorem 2.10 on each of the functions Gi with the error term
�=k instead of � :

Ex [Gi ] � Ex [Gi T1� � (Gi )] >
�

� i � � 1� � (� i )
�

� �=k:

Summing up over all i , we obtain the desired result. 2

The following lemma lower bounds the cost of the vertex test,when none of the functionsGi are neither constant
nor have an in
uential variable.

Lemma 3.4 There exists an � 0 such that for all � < � 0, for all � = ( � 1; � 2; : : : ; � k ) 2 � k such that maxi � i <
1 � � 1=4, X

i

[� i � � 1� � (� i )] = 
( � 3=4):

Proof of L: et � = max i � i , then we have 1� � 1=4 > � . By choosing � < 1
k 4 , one can ensure that� > � 1=6.

Observe that � satis�es, � 1� � (x) 6 x for all x 2 [0; 1]. Thus we can write,
X

i

[� i � � 1� � (� i )] > � � � 1� � (� ):

Using known estimates, (see Corollary 10:4 in [18]), we have:

� 1� � (� ) 6 �
h
1 �

p

( � log(1=� ))

i
+ o(� ):

Thus, setting � > � 1=4, we have the required result:
X

i

[� i � � � (� i )] > 
( �
p

� log(1=� ) ) > 
( � 3=4):

2
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Lemma 3.5 For any vertex u,
ValEdge

� (u) >
X

e=( a;b)

we d./ (� u;a ; � u;b ):

Proof of F: ix an edgee = ( a; b) 2 E(H). De�ne

f a;b
ij = Ex � e y [Gi

u;a (x)Gj
u;b (y)]:

Then,
P

i f a;b
ij = � j

u;b ;
P

j f a;b
ij = � i

u;b . From De�nition 2.4 we have

X

i;j

d(i; j )f a;b
ij > d./ (� u;a ; � u;b ):

Recall that Val Edge
� (u) is given by

ValEdge
� (u) =

X

e= a;b

we

X

ij

d(i; j )Ex � e y [Gi
u;a (x)Gj

u;b (y)]

=
X

e=( a;b)

we

X

ij

d(i; j )f a;b
ij >

X

e

we d./ (� u;a ; � u;b ):

2

Lemma 3.6 There exists � 1 > 0, such that for every � < � 1, there exist �; t , such that for all u 2 X , if
Inf <t

j (Gi
u;a ) < � for all i; j; a , then one of the following inequalities holds:

ValEdge
� (u) > OPT(H)(1 � 4� 1=8)

or

ValVertex
� (u) > (�� 3=4 � � )=m:

Proof of L: et t; � be as obtained from Lemma 3.3 by setting� = � . Sinceu is �xed we shall denote Gi
u;a by Gi

a .
Then, there are two possibilities:

Case 1: For all a, the functions Gi
a are near constant, i.e there is a labeling function � : V (H) ! [k] such that

� �( a)
u;a > 1 � � 1=4 for all a.

Set � = � 1=8. A simple averaging argument shows that for everya, G�( a)
a (x) > 1 � � for a 1 � � fraction of

x. By a union bound, if x; y are generated fromx � e y, both G�( a)
a (x); G�( b)

b (y) are greater than 1� � with
probability 1 � 2� . Thus the cost of the edge test is:

ValEdge
� = E (a;b)2 E (H )Ex;y

h X

i;j 2L

d(i; j )Gi
u;a (x)Gj

u;b (y)
i

> (1 � 2� )(1 � � )2E (a;b)2 E (H ) [d(�( a); �( b))] :

It is easy to check that the labeling � is a valid metric labeli ng solution for H . Hence we have,

E (a;b)2 E (H ) [d(�( a); �( b))] > OPT(H):

Substituting we get ValEdge
� > OPT(H)(1 � 4� ):

Case 2: There exists b 2 V (H) such that for all i , � i
u;b 6 1 � � 1=4. Then, the vertex cost is:

12



ValVertex
� = Ea2 V (H ) Ex;y

X

i;j 2L

h
d(i; j )Gi

u;a (x)Gj
u;a (y)

i

>
1
m

Ex;y

X

i;j 2L

h
d(i; j )Gi

u;b (x)Gj
u;b (y)

i

>
1
m

 

�
X

i

(� i
u;b � � 1� � (� i

u;b )) � �

!

>
1
m

�
�� 3=4 � �

�
:

2

Theorem 3.7 For every 
 > 0, for su�ciently small �; � > 0, if the UG instance � is at most � satis�able, then
the value of the metric labeling instance(G; L ; d) obtained from the reduction is at least� 7=8 OPT(H)(1 � 
 ).

Proof of S: et � 6 minf (
= 12)8; (�= 4m OPT(H))8; � 1g and � = � 7=8. Let t; � be as obtained from Lemma 3.6.
For every vertex u 2 X , one of the following is true:

� There exists a 2 V (H), i 2 [k], j 2 [R] such that Inf <t
j (Gi ) > � .

� ValEdge
� (u) > OPT(H)(1 � 4� 1=8) > OPT(H)(1 � 
= 3).

� ValVertex
� (u) > (�� 3=4 � � )=m > � OPT(H).

Thus, if all the functions associated with a particular u 2 X have low in
uence,

� ValEdge
� (u) + (1 � � ) Val Vertex

� (u) > � OPT(H)(1 � 
= 3):

Call a vertex u 2 X good if at least one of the functions associated with it has an in
uential variable. More
precisely, if there existsa; i; j such that Inf <t

j (Gi
u;a ) > � . If Val � (G) 6 � OPT(H)(1 � 
 ), then at least 
= 2 fraction

of the vertices aregood. Fix a goodvertex u 2 X with the corresponding a; i; j satisfying Inf <t
j (Gi

u;a ) > � . Then,

� 6
X

� j 6=0 ;j � j 6 t

j dGi
u;a (� )j2

6
X

� j 6=0 ;j � j 6 t

Ew j dF i
w;a (� � 1

u;w (� )) j2

= Ew

h
Inf <t

� � 1
u;w ( j )

(F i
w;a )

i
:

We will de�ne the \decoding" for vertices of the UG instance as follows:

�( u) = f j 2 [R] j 9 i; a; Inf <t
j (Gi

u;a ) > � g

(for every u 2 X );

�( w) = f j 2 [R] j 9 i; a; Inf <t
j (F i

w;a ) > �=2g

(for every w 2 Y ):

Using Fact 2.8, the sizes of the sets above are at most 2tkm=� . We will analyze the fraction of edges in the
UG instance satis�ed when we assign a label uniformly at random from �( u) independently for every u 2 X [ Y .
For a good vertex u, for every r 2 �( u), the fraction of neighbors that have a satisfying label in its decoding is
at least �=2. Moreover such an edge is satis�ed with probability at least � 2=4t2k2m2. Thus, the weight of edges
satis�ed is at least (
= 2)(�=2)(� 2=4t2k2m2) > 
� 3

16t 2 m 2 k 2 . Choosing� < 
� 3

16t 2 m 2 k 2 gives the required result. 2
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4 Integrality Gap for SDPs

In this section, we construct integrality gaps for the semide�nite relaxation (EM-SDP) using the unique games
hardness reduction. In particular, this will yield SDP inte grality gaps that match the integrality gap of the
earthmover LP relaxation (EM-LP). Our starting point is the Unique Games integrality gap instance constructed
by Khot and Vishnoi [21].

First, the integrality gap instance I = ( V; E) presented in [21] is not bipartite. To obtain a bipartite un ique
games instanceI 0, duplicate the vertices by setting X = f (v; 0)jv 2 V g and Y = f (v; 1)jv 2 V g. Further for each
edge (u; v) 2 E , introduce two edges ((u; 0); (v; 1)) and ((u; 1); (v; 0)) in I 0. The SDP solution for the bipartite
instance I 0 is obtained by assigning the vector corresponding tov 2 V to both vertices (v; 0) and (v; 1). Except
for these minor modi�cations, the following theorem is a direct consequence of [21]

Theorem 4.1 For every � > 0, there exists a UG instance,� = ( X [ Y ; E; � = f � e : [R] ! [R] j e 2 Eg; [R])
and vectorsf ui

w g for every w 2 Y , i 2 [R] such that the following conditions hold :

� No assignment satis�es more than� fraction of constraints in � .

� For all w; w1; w2 2 Y ; i; j 2 [R] ,

ui
w1

� uj
w2

> 0 and ui
w � uj

w = 0 :

� For all w; w1; w2 2 Y ; i; j 2 [R] ,

ui
w1

�
X

j 2 [R ]

uj
w2

= jui
w1

j2 and
X

i 2 [R ]

jui
w j2 = 1 :

� The SDP value is at least1 � � :

Ev2X ;w 1 ;w 2 2Y

hX

r 2 R

u� 1 ( i )
w1

� u� 2 ( i )
w2

i
> 1 � �: (� )

Given a (structured) integrality gap instance for the linear programming relaxation (EM-LP), we apply the
reduction in Section 3 to a unique games instance provided bythe above theorem. Applying Theorem 3.7 directly
gives the lower bound on the integral optimum of the instance.

We obtain the SDP vectors for a vertex z = ( w; a; x) 2 V (G) as follows: Intuitively, if the vertex had label
j , we would assignz the label x j . For every vertex z = ( w; a; x) 2 V (G), we construct SDP vectors as follows:
Partition [ R] into k parts, Pz (i ), i 2 L :

Pz (i ) = f j j x j = ig:

The vector for label i is then the sum of the vectors in the partition Pz (i ):

vi
z =

X

j 2 Pv ( i )

uj
w 8z = ( w; a; x):

The SDP optimum can be bounded in terms of (� ) in Theorem 4.1. We state it formally in the following theorem.

Theorem 4.2 For every structured integrality gap instance, 	 = ( H ; L ; d; f X v g) and su�ciently small 
; �; � if
� denotes the UG instance obtained from Theorem 4.1, then the metric labeling instance(G; L ; d) obtained using
the reduction has the following properties:

OPT(G) > � 7=8 OPT(H)(1 � 
 )

SDP(G) 6 � 7=8 LP(H)(1 + 
 ):
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Proof of T: he UG instance � obtained from Theorem 4.1 is at most � satis�able. Hence, Theorem 3.7 implies
that the value G, OPT(G) is at least � 7=8 OPT(H)(1 � 
 ) for �; � su�ciently small.

For every vertex z = ( w; a; x) 2 V (G), we construct SDP vectors as follows: Partition [R] into k parts, Pz (i ),
i 2 L :

Pz (i ) = f j j x j = ig:

The vector for label i is then the sum of the vectors in the partition Pz (i ):

vi
z =

X

j 2 Pv ( i )

uj
w 8z = ( w; a; x):

It is easy to see that constraints (1), (2), (3), (4) and (5) of the SDP (EM-SDP) are satis�ed by the vectors
vi

z . Set � = � 7=8. Now, the SDP cost of the vectors can be bounded as follows:

SDP(G) = Ev;w 1 ;w 2

"

� � E (a;b)2 E (H )

Ex � e y

X

i;j

d(i; j )vi
w1 ;a; ( � 1 (x )) � vj

w2 ;b;( � 2 (y ))

+ (1 � � ) � Ea2 V (H )

Ex;y

X

i;j

d(i; j )vi
w1 ;a; ( � 1 (x )) � vj

w2 ;a; ( � 2 (y ))

#

= Ev;w 1 ;w 2

"

� � E (a;b)2 E (H )

n X

i;j

d(i; j )
X

r 1 ;r 2

u� 1 ( r 1 )
w1

� u� 2 ( r 2 )
w2

Pr[xr 1 = i ^ yr 2 = j
o

+ (1 � � ) � Ea2 V (H )
n X

i;j

d(i; j )
X

r 1 ;r 2

u� 1 ( r 1 )
w1

� u� 2 ( r 2 )
w2

Pr[xr 1 = i ^ yr 2 = j ]
o

#

:

Additionally, the last expression is bounded from above by:

6 Ev;w 1 ;w 2

"

� �
n

LP(H)
X

r

u� 1 ( r 1 )
w1

� u� 2 ( r 2 )
w2

+
X

r 1 6= r 2

u� 1 ( r 1 )
w1

� u� 2 ( r 2 )
w2

o
+ (1 � � )

�
n

�
X

r

u� 1 ( r 1 )
w1

� u� 2 ( r 2 )
w2

+
X

r 1 6= r 2

ui
w1 ;r 1

� uj
w2 ;r 2

o
#

6 (� LP(H) + � ) � Ev;w 1 ;w 2

"
X

r

u� 1 ( r 1 )
w1

� u� 2 ( r 2 )
w2

#

+ 1 � Ev;w 1 ;w 2

"
X

r

u� 1 ( r 1 )
w1

� u� 2 ( r 2 )
w2

#

6 (1 � � ) � (� LP(H) + � ) + �:

From Corollary 3.2, we have that for su�ciently small �; � :

SDP(G) 6 � 7=8 LP(H)(1 + 
 ):

2
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